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Abstract 

We prove Union- Closed sets conjecture 

The union- closed sets conjecture posed by Peter Frankl in 1979. There is an article 
in Wikipedia on the URL [1], devoted to this problem, see also 0.0 and List of unsolved 
mathematical problems [2]. A family of sets A G 2^^^ is said to be union- closed if the 
union of any two set from the family remains in the family. The conjecture states that for 
any union- closed family of hnite sets, other than family consisting only the empty set, 
there exists an element that belong to at least half of the sets from the family. 

The conjecture has been proven for many special cases. It is known to be true for 
families of at most 46 sets |3], for n < 11 [1], for families of sets in which the smallest set 
has one or two elements [5j. 

We use the natural bijection between and {0,1}"' and don’t make difference be¬ 
tween these two sets. Considering natural embedding {0,1}"' —>■ we note, that arbitrary 
subset of {0,1}" can be dehned by hnite (A) number of inequalities 

A={xe{0,l}": (a;i,x) > hi, i e [A]} , (1) 
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where J2]=i = Ci, where can be chosen as arbitrary (up to sign) given constants. 

Vector X G {0, belongs to A iff 


ip{u) = 


(27r)^/\iV-oo 


^ f({oJi,x)-5i)/a 


e 1 


as (T —)■ 0. Hence 


1-41- S T^Uj 

xe{o,i}" ^ 


f{{u>i,x)-5i)/a 


,A 




0 


as cr ^ 0 . 

For our purposes we consider the extensions of function y?. We need this extension in 
order to eliminate irrelevant solutions of Optimization problem from below, which arise 
in the case we consider simplihed version y?. 

Dehne 




i^d 

^ ^ Yd^ap,l3p(^{^} 2 E 1 5 

a^G2H afG2H,lGa^ 
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^=2 33^2^ a::G2t’^] ,lEtc 


X e 


a::,yG2H 

( 4 - +<1- 




i^j,d 


S'ylSpl 


-2)/o 


I3p 


Ue 

i^d 


(uj^,3;|Jy)-,50 


iPP 


$( 




,ae [Di], /3e [D 2 ], de [V], pe[M], 


where constants Di,D 2 , M, S, 7 are chosen to be large enough and j is arbitrary not equal 
to d. W.l.o.g. we can also £x jy^=i‘^d,j = Cd = const. 

Optimization Problem is to find 


max Rd^ap^/ 3 p{{u}) 


( 2 ) 
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when 


( 3 ) 

( 4 ) 


^d,ap,l3p(^{^}') — ^(1)) 

Ld,ap,/dpi{(^}) < o(l), a G [-Di], /3 G [-D 2 ]; d G [A^], p G [M], 

n 

J2ud,, = Cd, dE[N], 

i=i 


(j —}■ 0 . 

Instead of two sets of conditions (E]) and (jl]) we consider one 

-|- Ld,ap,jdpi^\j^'\')') ^ (3) 

Values Rd,p,q{{u}}) approximate the difference between the volume of A and double degree 
of vertex 1. Value approximate the difference between the sum of degrees of 

vertices 2,... ,n and product of (n — 1) and degree of vertex 1. Value Ld^p^g{{oj}) is less 
that o(l) and this indicate that family A is union-closed sets. 

Dehne 

d^d,ap,Pp,ji{^}) ( 6 ) 

= {ddd,ap,l3p{{^}))uj^ j ~ ^d,a,p,p 5 ^ 0 . 

Kuhn- Tucker condition for conditional extremum of the function from ([2]) is as follows 

d^d,ap,l3p,j{{^}) = 0. (7) 

We can assume that —Xd,a,i 3 ,p is the same for all parameters, because this influence on 
o(l) in the conditions ([3l (jl]). We should choose the solution of system ([6]) which does 
not depends on a. This is because in the equations (|H]) (jH]) we can take limit as cr —)■ 0 
and should take the solution which belong to the set of limit points. 

Condition = 0 is Kuhn-Tucker necessary condition for {a;} to be opti¬ 

mal. 

We can assume that d = 1 and Uj = uij (other cases are similar) and consider the 
subsystem obtaining from system (I7|) equalities with these fixed values. First we assume 
that A 7 ^ 0. We substitute A, which we obtained from the equality (I7|) with j = 1 to all 
other equalities and obtain new system, whose equations do not contain A (we skip index 
d everywhere in the next formulas assuming that d = 1): 

{Raip,l3ip{{l^}))uji{Sa2P,l32p{{^}))u)2 4” ('^»2P,/32p({^}))w2) ~ (3) 

(i?Q2P,/32p({^}))(.j2(‘3'Qip,/3ip({‘^}))aj2 4” ('^aip,/9ip({^}))a;2) ’ P ~ 3) ■ ■ ■ ? XP. 
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Second set of equations we obtain substituting A from the equality ([7]) with j = 2 to all 
other equalities and obtain second system: 

(-Raip,/3ip({^}))tji((*So2P,/32p({^}))a;2 (-^02P,/32p({^}))cj2) ~ 

(-^a2P,/32p({^}))a;2 ((‘^“iPi/3ip({^}))wi S" (■^«ip,/3ip({^}))cji)) P ~ 1) • • • ) 

It is easy to see that systems ([ 8 |), ([9]) are the equalities of the sums of terms which are 
p't\i powers. We transpose the terms of these equations in such a way that all terms in 
l.h.s and r.h.s of these equalities become positive. As follows there are the same number 
of terms in the l.h.s. and r.h.s of these equations and they pairwise coincide (in some 
order). Each term in each equation from ([HD, ([HD has the form 

Next we vary ai, a 2 and (3 obtaining different systems (|HD; dSD- This allows us to come 
to conclusion that pairwise coincide bis and 62 ’s in corresponding terms in equations (jHD 
(after above transposition). Next we dehne Rj, Lj, Sj as the sum (with signs) of the terms 
which are obtained from corresponding sums R'^. , L'^. , S'^. skipping products of integrals 

in each term, i.e if the term in R is then corresponding term in R 

is 

Next we consider only the case a = l3 = d = p = l. Another values of d G [A^] can be 
considered in the similar way as for d = 1 . 

Remark. Let (p, be the sum (with signs) of exponent ipi = J2j ,i = 1, 2, 3,4 and 

P 1 P 2 = P3P4- ( 10 ) 


Denote 

Exp’"fe)=E±'>rj. 

j 

Exp((pj) = Exp^((pj). It is easy to see, that if the sum of bij with positive signs coincide 
with sum of bij which represented in Exp{ipij),i = 2,3 with negative sings, then 

iV^,Exp™((p2) = 7V^,Exp™((p3), (11) 


where 

= IIsign(±f)ij). 
j 

As it can be easily seen expressions for Exp™'(i?j({a;})), Exp™'(Lj({a;}) + ,Sj({a;})) 
contains multiple (a;„ — Uj). Hence if Uj = Un,j G [2,n — 1], then 


Exp^{R^{{u})) = Exp"^(L,({a;}) + 4({a;})) = 0. 
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Thus in this case equalities dS]) are satished and this is possible solution of the optimization 
problem. Next we will show that there is no other solutions. 

It is easy to see from formulas for i?i, Li, Si (we skip them in Appendix, but it is easy 
technical work), that 


^Ri(M) - “^^2” \ ^Li(M) + ^Si(M) - -2’"- 

From here and from ffTTj) follows equations 

77 ~ ~ ~ 

-Exp(i? 2 ({t^})) = Exp(^ 2 ({a;}) + L 2 {{u})), ( 12 ) 

^Exp2(4({a;})) = Exp2(52({u;}) + Uioj})). (13) 

We also add two more equations to flT^ . ([13]). Because b[s and 62 ■s pairwise coincide in 
the equation 

Exp(.R 2 ({t^})) + Exp(5i({a;}) + Li({a;})) (14) 

= Exp(.Ri({a;})) + Exp(F 2 ({a;}) + L 2 ({a;})), 

their sum with sign is equal to zero identically to obtain new non trivial equation we 
consider 

{bi + 62)^ = + 26162 + 62. ( 15 ) 

The sum of these squares in (fTT|) with sign is equal to zero. Hence from (IT^ follows the 
equation 

A'£.(M+s.(M)EV(fi 2 ({‘^})) + 2Exp(.R2({a,}))Exp(S,({a,}) + U({i£})) (16) 

= ■^'ft((„|)Exp^(S 2 ({x)}) + L 2 ({w})) + 2Exp(Bi({x)}))Exp(S2({x)}) + L 2 ({i^})). 

Substituting (IT^ into (ITB]) we obtain equality 

Exp(.R 2 ({w}))Exp(^i({a;}) + Li({a;})) = Exp(.Ri({(:u}))Exp(A 2 ({a;}) + L 2 ({a;})). (17) 

In the same way we obtain equation 

Exp{R 2 {{u}))Exp{Sj{{u}) + Lj{{u})) (18) 

= Exp(i?j({a;}))Exp(S' 2 ({u;}) + L 2 ({a;})), j G [3, n - 1 ]. (19) 

Substituting into last equation the expressions for Exp of i7, L + S' we see that l.h.s and 
r.h.s of this equation are proportional to {un — oJ 2 ){oJn — ^j)- If we skip possible solution 
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Uj = Un, and 002 7 ^ ojn, then from the eqnality between the rests of these expressions (after 
deleting common divisor (a;„ — U 2 ){oJn — ojj)) we obtain nniqne solntion uj = U 2 - This 
means that valnes of Uj, j G [2,n] which deliver the extremnm can take not more that 
two valnes w.l.o.g. we assnme that Uj = lj 2, j = 2,... ,a and ujj = Unior j = a+1,... ,n. 
Then we have one more eqnation 

xi + au 2 + (n — 1 — a)u)n = C, (20) 


where C is some constant. 

Thns we obtain system of fonr eqnations flT^ . flT5]l . flTT)) . fl2U]) . Eqnation flT^ is linear 
in coi,Uri,,u; 2 - Eqnation flT5]l is polynom of third degree on variables U 2 , 0 Jn, 0 Ji mnltiplied 
by {ojn — 0J2), eqnality (fT7|) has the same property. We snbstitnte expression for wi, 
obtained from ffT7|) to all rest three eqnalities and the snbstitnte expression for ojn obtained 
from (IT^ to the rest two eqnalities (1T7|) and fl 20 |) and removing mnltiple {oJn — wi) obtain 
two polynomials of third degree on variable U 2 whose coefficients depends on C, S, a, n. 
Using software ’’Mathematica” we hnd the resnltant of these polynomials. It is polynome 
of variable S whose coefficients depend on n, C, a and are not eqnal to zero simnltaneonsly 
for given C and n and all a G [n — 2]. Thns becanse for the arbitrary x G 2["’l there 
is strict ineqnalities {uj,x) > 5 it is possible to make small shifting of 6 which allows 
ns to hnd valne 6 for which resnltant is nonzero for all a and given C and n. Hence 
eqnations dn, (m, dm), (Eoi) become inconsistent. This shows that we can eliminate 
all solntions of these eqnations for U 2 except lj 2 = a;„. This shows that a = 0 or that 
ojj = Un,j = 2,... ,n. This is trne for all d G [N]. 

Case when A = 0 can be easily managed. Indeed in this case we have eqnalities: 

Exp”*(.Rj({a;}) = 0, j G [2, n — 1], m = 1,2. (21) 

All l.h.sides of these eqnalities has mnltiple (un—ujj) which deliver one possibility Uj = Un- 
Eqnality for m = 1 become linear after deleting mnltiple (a;„ — Uj) and the same is trne 
for all j np to snbstitnting Uj for different j. This means that ojj can take only two valnes. 
W.l.o.g we assnme that U2 7 ^ a;„. It follows that we have one more linear eqnality 

oji + au 2 + (n — 1 — a)un = C 

which together with linear eqnality obtained after deleting (w^ — UJ 2 ) from 021 p for m = 1 
can be nsed to exclnde variables uJn,0Ji from the eqnalities fl2ip for m = 2,3. These two 
eqnalities after deleting mnltiple (un — 0 J 2 ) become eqnations whose l.h.s. are polynomial 
in U 2 of degree 3 for m = 2 and degree 5 for m = 3. Resnltant of these two polynomials 
which we obtain nsing software ’’Mathematica” is new polynomial in variable 6 whose 
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coefficients are polynomials in C, a, n. This polynomial is not zero for given C and all 
possible choices of a. As before this means that small shifting of 5 allows to obtain 
resultant which is not zero for all possible choices of a. Hence two equations become 
inconsistent and we can assume that ujdj = ujd,n for all j > 1. 

Now consider Aq = {x E A : 1 ^ x} Because Udj = ujd,n, i > 1 and A is union-closed 
sets family, we have equality 


^0 = e 2^’”', |a;| > A} 

for some A. Set Ali = Al \ AIq is nonempty, because [n] G Ali, and 

Ai = {x E : 1 G x, |x| > Ai} 

for some Ai. Because for Al* = {x G Al ; i E x} we have |Alj| < |Ali|, it follows that 
(^> 1 ) 


lA 




< lA 


+ E 

j=Ai 


n — 

J- 



From here it follows that Ai < A -|- 1 and hence 2 |AIi| > |Al|. 
This completes the proof of the conjecture. 
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Appendix 


We write and simplify the expressions of Exp of L, S, R. First we consider the 
Exp{S 2 {{u})) and hrst write expression for 


n—1 


S 2 M = E E 

^=3 \xG2t^], 2,iGx, n^x 

+ E e 

2 Ea:, n^x 






E e 

2^x,£,nGx 

-((cu,x)-Sp/(2(7^) 


-((uj,x)-5p/(2a^) 


E e 

a:G2H, 2^x,nGx 


-{{uj,x)-Sf/{2a'^) _ ^ ^-{{u},x)-Sf /{2a^) 

x^2^'^\ 1,2 Gx, n^x a::G2t^], 2yhx,l,n^x 


(^-1) I E e 


From here it follows the expression for Exp( 52 ({<^})): 


/n-l 


Exp{S 2 {{u})) = (a;n-c<;2)(E E {ue + Un + {uj,x') - 6 + ue + U 2 + {u,x') - 6) 

Vf=3 a;'c[3,...,n—1] [J IV 

+ (ta„ + (ta, x') — 5 -\- UJ 2 R (w, x'') — h) 

a;'c[3,...,n— 1 ] fj 1 

— {n — 1 ) (cUi + Un + (cj, x'^ — h + CUi + 6^2 + x') — h) j 


— (<^n ~ ^ 2 ) 


U2{a2^~\‘in - 1) + 2a(n - 1) - 2”"^ + 3) 


+ U2ib2^~^{3n - 1) + 2b{n - 1) - 2”"^ + 3) 

- 2(52C'(2”-^ - 1 ) - C'(2”-3(3n - 1 ) + 2 (n - 1 )) 


Expression for L 2 ({a;}) is as follows. 


l2(m) = 2"+'I y 


^-((u},x)-5f/(2a^) 


E 


^-{(LO,x)-Sp/{2a^) 


VaiG 2 W, 2 Efc, n^x 


a;G2[^],20x, n£x 


( 

g-((‘^.a;y?;)-(5)2/(2o-2) _ ^-{(u),x[jy)-5f /(2o-'^) 

[J ^G2t^] ,2Efc [J y, n^x\^y tc [J ^G2t^] ,2^a; [J n&\^y 



Corresponding expression for Exp(L 2 ({w})) is as follows: 


Exp(L 2 ({ca})) 


(^n 


1 ^ 2 ) 


^( 1^2 + l^n)(5 ■ 2 ^^^ ® + 2 ” 


1) 


- (f(7 ■ 22^-3 + 3 ■ 2^^ 


2 ) + 0(9 ■ 22^-5 



At last we make the same calculations for i? 2 ({i^}): 

^-((a;,x)-(5)2/(2o-2) _ 


^2({a;}) = II e 

2 Etc, n^x 


E e 




-21 ^ 

VfcG2[^], 1,2Gx, n^x 


x£_2^'^\ 2^x, n£. 


E e 

a::G2[^], 2^x, l,nGx 


-((tj,x)-<5)2/(2(T2) 


For Exp(i?2({i^})) we have the expression 

Exp(^2({t^})) = i(^n-UJ2)i E {Ujn + {UJ,X') - S+ U2 + {UJ,X') - S) 

Vx'C[3,...,n-l]Ul 

— 2 H (wi + cOn + (a^, x') — (5 + Wi + 0 J 2 + (ca, x') — S) j 

a;'C[3,...,n-l] / 

= (<^n ~ <^ 2 ) ((<^2 + <^n ~ 2(5) — 4(2” ^ — l)Wl) . 


Expressions for Exp of Rj, Lj,Sj, j G [3,n — 1] are the same if substitute Uj instead of 
U 2 to each expression of these functions. 

We skip complete formulas for Exp of Ri, Li, Si, they can be easily derived and also 
skip formulas for Exp^ of Rj, Lj, Sj because of their cumbersome, it is just routine technical 
work and to manage with them we use software. 
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